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ANTI-INVARIANT RIEMANNIAN SUBMERSIONS FROM 
KENMOTSU MANIFOLDS ONTO RIEMANNIAN MANIFOLDS 

A. BERI, I. KUPELI ERKEN, AND C. MURATHAN 


Abstract. The purpose of this paper is to study anti-invariant Riemannian sub¬ 
mersions from Kenmotsu manifolds onto Riemannian manifolds. Several fundamental 
results in this respect are proved. The integrability of the distributions and the geom¬ 
etry of foliations are investigated. We proved that there do not exist (anti-invariant) 
Riemannian submersions from Kenmotsu manifolds onto Riemannian manifolds such 
that characteristic vector field ^ is a vertical vector field. We gave a method to get 
horizontally conformal submersion examples from warped product manifolds onto 
Riemannian manifolds. Furthermore, we presented an example of anti-invariant Rie¬ 
mannian submersions in the case where the characteristic vector field ^ is a horizontal 
vector field and an anti-invariant horizontally conformal submersion such that ^ is a 
vertical vector field. 


1. Introduction 

Riemannian submersions between Riemannian manifolds were studied by O’Neill |16) 
and Gray [9]. Riemannian submersions have several applications in mathematical physics. 
Indeed, Riemannian submersions have their applications in the Yang-Mills theory (i, 
m), Kaluza-Klein theory (0, uni), supergravity and superstring theories m, HHi), 
etc. Later such submersions were considered between manifolds with differentiable struc¬ 
tures, see [8]. Furthermore, we have the following submersions: semi-Riemannian sub¬ 
mersion and Lorentzian submersion [5] , Riemannian submersion , slant submersion (H, 
[23)1. almost Hermitian submersion |26] . contact-complex submersion m, quaternionic 
submersion almost /i-slant submersion and h-slant submersion m , semi-invariant 
submersion [25) . h-semi-invariant submersion [20] . etc. 

Comparing with the huge literature in Riemannian submersions, it seems that there 
are necessary new studies in anti-invariant Riemannian submersions; an interesting paper 
connecting these fields is [22] . §ahin [22] introduced anti-invariant Riemannian submer¬ 
sions from almost Hermitian manifolds onto Riemannian manifolds. Later, he suggested 
to investigate anti-invariant Riemannian submersions from almost contact metric mani¬ 
folds onto Riemannian manifolds [24] . The present work is another step in this direction, 
more precisely from the point of view of anti-invariant Riemannian submersions from 
Kenmotsu manifolds. Our work is structured as follows: Section 2 is focused on basic 
facts for Riemannian submersions and Kenmotsu manifolds. The third section is con¬ 
cerned with definition of anti-invariant Riemannian submersions from Kenmotsu man¬ 
ifolds onto Riemannian manifolds. We investigate the integrability of the distributions 
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and the geometry of foliations. We proved that there do not exist (anti-invariant) Rie- 
mannian submersions from Kenmotsu manifolds onto Riemannian manifolds such that 
characteristic vector field ^ is vertical vector field. The last section is devoted to an 
example of anti-invariant Riemannian submersions in the case where the characteristic 
vector field ^ is a horizontal vector field and an anti-invariant horizontally conformal 
submersion such that ^ is a vertical vector field. 

2. Preliminaries 

In this section we recall several notions and results which will be needed throughout 
the paper. 

Let M be an (2 to-|- l)-dimensional connected differentiable manifold [3] endowed with 
an almost contact metric structure (0, consisting of a (1, l)-tensor field vector 

field a 1-form r] and a compatible Riemannian metric g satisfying 

( 2 . 1 ) (j? = + 4:^ = 0, go (j) = 0, ? 7(0 = 1 , 

(2.2) g{4X,4Y) = g{X,Y)-g(X)g(Y), 

(2.3) g(4X,Y)+g(X,4Y) = 0, g(X) = g(X, ^), 
for all vector fields X,Y € x(fW). 

An almost contact metric manifold M is said to be a Kenmotsu manifold 
satisfies 


Ll if it 


(2.4) 


iXx4)Y = gi4X,Y)^ - g(Y)4X, 


where V is Levi-Civita connection of the Riemannian metric g. From the above equation 
it follows that 

(2.5) VxC = X-g(X)^, 

(2.6) (Xxv)Y = g{X,Y)-g{X)g{Y). 

A Kenmotsu manifold is normal (that is, the Nijenhuis tensor of 4 equals —2dg ® ^) 
but not Sasakian. Moreover, it is also not compact since from equation (12.51) we get 
div^ = 2m. Finally, the fundamental 2-form $ is defined by ^{X,Y) = g(X,4Y). In 
[14], Kenmotsu showed: 

(a) that locally a Kenmotsu manifold is a warped product / x / A^ of an interval I and 
a Kaehler manifold N with warping function f(t) = se*, where s is a nonzero constant. 

(b) that a Kenmotsu manifold of constant (/)-sectional curvature is a space of constant 
curvature —1 and so it is locally hyperbolic space. 

Now we will give a well known example which is Kenmotsu manifold on K® by using 
(a). 

Example 1. We consider M = {{xi, X 2 ,yi,y 2 , z) € K® : z ^ 0}. Let g be a 1-form 
defined by 

g = dz. 

The characteristic vector field ^ is given by and its Riemannian metric g in and tensor 
field 4 o-fe given by 


g = e 


2 

“E 

2=1 


{(dxi)'^(dyi)^)-i-(dz)"^, 4 = 


( 0 
0 
1 
0 
V 0 


-1 

0 

0 

0 
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0 
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0 
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This gives a Kenmotsu structure on M. The vector fields Ei = e E 2 = e 

E 3 = £'4 = and E^ = form a (j)-basis for the Kenmotsu structure. On 

the other hand, it can be shown that M{(j),^,rj,g) is a Kenmotsu manifold. 

Let (M, gM) be an m-dimensional Riemannian manifold and let (N, g^) 
dimensional Riemannian manifold. A Riemannian submersion is a smooth 
M ^ N which is onto and satisfying the following axioms: 

S'!. F has maximal rank. 

S2. The differential F* preserves the lenghts of horizontal vectors. 

The fundamental tensors of a submersion were defined by O’Neill f|16). m)- 
( 1 , 2 )-tensors on M, given by the following formulas: 

(2.7) T{E,F) = TeF = nVvEVF + VWvEnF, 

(2.8) AiE,F) = AeF = VVnE'HF+ HVnEVF, 

for any vector fields F and F on M. Here V denotes the Levi-Civita connection of gM- 
These tensors are called integrability tensors for the Riemannian submersions. Note that 
we denote the projection morphism on the distributions kerF* and (kerF*)-*" by V and 
TL, respectively. 

If the second condition S2. can be changed as F, restricted to horizontal distribution 
of F is a conformal mapping, we get horizontally conformal submersion definition m- 
In this case the second condition can be written in a following way: 

(2.9) gM{X,Y) = e2^(p)<7Ar(F*A,F*y),Vp e M,yX,Y e r((kerF*)-L), 3A € C^{M). 

The warped product M = Mi x f M 2 of two Riemannian manifolds {Mi,gi) and (M 2 , 32 ), 
is the Cartesian product manifold Mi x M 2 , endowed with the warped product metric 
g = gi fg 2 , where / is a positive function on Mi. More precisely, the Riemannian 
metric g on Mi x / M 2 is defined for pairs of vector fields X, Y on Mi x M 2 by 

9 {X,Y) = 5ri(7ri*(A),7ri*(y)) -f f{'Ki[.))g 2 {'K 2 *{X),TT 2 *{Y)), 

where tti : Mi x M 2 —>■ Mi; {p,q) p and 712 : Mi x M 2 —>■ M 2 ; {p,q) —>■ q are the 
canonical projections. We recall that this projections are submersions. If / is not a con¬ 
stant function of value 1, one can prove that second projection is a conformal submersion 
whose vertical and horizontal spaces at any point (p, q) are respectively identified with 
TpMl,TqM 2 . 

Let £(Mi) and £(M 2 ) be the set of lifts of vector fields on Mi and M 2 to Mi x / M 2 
respectively. We use the same notation for a vector field and for its lift. We denote the 
Levi-Civita connection of the warped product metric tensor of g by V. 

Proposition 1. |17jM = Mi x f M 2 be a warped Riemannian product manifold with the 
warping function f on Mi. If Xi,Yi G £(Mi) and ^2,1:2 G £(Af 2 ), then 

(i) Vx,Yi IS the lift of X],Yi, 

(ii) Vx,X2 = = {Xif/f)X2, 

(Hi) norXxAA 2 = -{g{X 2 ,Y 2 )/f)gradf, 

(iv) tan VX 2 Y 2 G C{M 2 ) is the lift of Xx^Y^z, 

where and are Riemannian connections on Mi and M 2 , respectively. 

Now we will introduce the following proposition m ,pp.86) for the Subsection 3.2. 

Proposition 2. If cj) is a submersion of N onto Ni and if if'.Ni —>■ N 2 is a differentiable 
function, then the rank of ip o ip at p is equal to the rank of ip at <p(p). 


be an n- 
map F : 


They are 


4 


A. BERI, I. KUPELI ERKEN, AND C. MURATHAN 


The following lemmas are well known from (Il6],[n]): 

Lemma 1. For any U^W vertical and X,Y horizontal vector fields, the tensor fields T 
and A satisfy 

( 2 . 10 ) t)ruW = TwU, 

(2.11) ii)AxY = -AyX = ^V[X,Y]. 

It is easy to see that T is vertical, Te = Tve, and A is horizontal, A = Ahe- 
For each q G N, F~^{q) is an (m—n)-dimensional submanifold of M. The submanifolds 
F~^{q) are called fibers. A vector field on M is called vertical if it is always tangent to 
fibers. A vector field on M is called horizontal if it is always orthogonal to fibers. A 
vector field A on M is called basic if X is horizontal and F-related to a vector field A* 
on N, i. e., F»Ap = A*^(p) for all p G M. 

Lemma 2. Let F : {M,gM) —>■ (A^jffjv) be « Riemannian submersion. If A, Y are basic 
vector fields on M, then 

i) 9 m{X, Y) = g 7 v(-A*, r*) o F, 

a) 'H[X,Y] is basic and F-related to [A,, A,], 

in) 'H(VxF) is a basic vector field corresponding to A. where V* is the connection 
on N. 

iv) for any vertical vector field V, [A, V] is vertical. 

Moreover, if A is basic and U is vertical, then HiXuX) = 'H{XxU) = AxU. On the 
other hand, from (1^ and isrm we have 


(2.12) 

VylF 

= TvW + XvW, 

(2.13) 

VvA 

= nxvX + TvX, 

(2.14) 

VxF 

= AxV + VXxV, 

(2.15) 

VxA 

= nXxY + AxY, 


for A,F G r((kerF;)-L) and V,W G r(kerF,), where VyVF = VVyW. 

Notice that T acts on the hbres as the second fundamental form of the submersion 
and restricted to vertical vector fields and it can be easily seen that T = 0 is equivalent 
to the condition that the fibres are totally geodesic. A Riemannian submersion is called 
a Riemannian submersion with totally geodesic fibers if T vanishes identically. Let 
Ui, ..., Um-n be an orthonormal frame of r(kerF’*). Then the horizontal vector field H 

m—n 

= —-— V Tu Uj is called the mean curvature vector field of the fiber. If H = 0, then 

the Riemannian submersion is said to be minimal. A Riemannian submersion is called a 
Riemannian submersion with totally umbilical fibers if 

(2.16) TuW = gM{U,W)H, 

for U,W G r(kerF»). For any E G T{TM),Te and Ae are skew-symmetric operators 
on (F(TM),5 'm) reversing the horizontal and the vertical distributions. By Lemma 1, 
horizontal distribution H is integrable if and only if A =0. For any D,E,G G T{TM), 
one has 

(2.17) g{rDE,G)+g{rDG,E)=0 
and 

(2.18) 


g^AoE, G) + g{ADG, E) — 0. 
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Finally, we recall the notion of harmonic maps between Riemannian manifolds. Let 
(M, (/m) and {N,gN) be Riemannian manifolds and supposed that (p : M ^ N is a 
smooth map between them. Then the differential of p can be viewed as a section 
of the bundle Hom{TM,p~^TN) —>■ M, where p~^TN is the pullback bundle which 
has fibres {p~^TN)p = p £ M. Hom{TM, p~^TN) has a connection V induced 

from the Levi-Civita connection and the pullback connection. Then the second 
fundamental form of p is given by 

(2.19) F) = - pA^^Y), 

for X, F G T{TM), where is the pullback connection. It is known that the second 
fundamental form is symmetric. If is a Riemannian submersion, it can be easily proved 
that 

(2.20) (V¥>J(X,F) = 0, 

for X,Y G r((kerF*)-*-). A smooth map p : {M,gM) —>■ {N,gN) is said to be harmonic 
if traceiVp^) = 0. On the other hand, the tension field of p is the section rip) of 
T{p-'^TN) defined by 

m 

(2.21) t{p) = divp^ = '^{Xp^){e„ e,), 

i=l 

where {ei,..., Cm} is the orthonormal frame on M. Then it follows that p is harmonic if 
and only if t{p) = 0, (for details, see [2]). 

Let 5 be a Riemannian metric tensor on the manifold M = Mi x M 2 and assume that 
the canonical foliations Umi and Dm 2 intersect perpendicularly everywhere. Then g is 
the metric tensor of a usual product of Riemannian manifolds if and only if Dmi and 
Dm 2 are totally geodesic foliations [21] . 

3. Anti-invariant Riemannian submersions 

In this section, we are going to define anti-invariant Riemannian submersions from 
Kenmotsu manifolds and investigate the geometry of such submersions. 

Definition 1. Let M{(j),^,g,gM) be a Kenmotsu manifold and {N,gN) a Riemann¬ 
ian manifold. A Riemannian submersion F : gut) (IV, gv) is called an 

anti-invariant Riemannian submersion j/kerF, is anti-invariant with respect to (j), i.e. 
^(kerF.) C (kerF)-*-. 

Let F : M{(j),^,g, pm) —>■ {N,gN) be an anti-invariant Riemannian submersion from 
a Kenmotsu manifold M{(f,f,,g,gM) to a Riemannian manifold (A,gv)- First of all, 
from Definition [ 1 ] we have F^.)^ fl (kerF) {0}. We denote the complementary 
orthogonal distribution to (piker F^) in (kerF)"^ by g. Then we have 

(3.1) (kerF)"''= <(>kerF © M- 

3.1. Anti-invariant Riemannian submersions admitting horizontal structure 
vector field. In this subsection, we will study anti-invariant Riemannian submersions 
from a Kenmotsu manifold onto a Riemannian manifold such that the characteristic 
vector field ■C is a horizontal vector field. Using (EB, we have g = pg (B {C}- For any 
horizontal vector field X we put 

(3.2) PX = BX -G CX, 
where BX G F(kerF) and CX € r(^). 
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Now we suppose that V is vertical and X is horizontal vector field. Using above 
relation and p.2p . we obtain 

(3.3) gM(CX,</^V) = 0. 

By virtue of (12.21) and (13.2L we get 

(3.4) gM{CX,(j)U) = gM{^X-BX,(j)U) 

= gM{X,U)-g{X)g{U)-gM{BX,cj,U). 

Since (j)U G r((kerF*)-*-) and ^ G r(kerF»)'^, (13.4|) implies (13.31) . From this last relation 
we have gN{F*<P^, F^CX) = 0 which implies that 

(3.5) TA^ = F,(<))(kerF,))©F,(p). 

The proof of the following result is the same as Theorem 10 of m, therefore we omit its 
proof. 

Theorem 1. Let gM) be a Kenmotsu manifold of dimension 2m + 1 and 

{N,g]s[) a Riemannian manifold of dimension n. Let F : M{(p,f,g,gM) —t iN,gN) be 
an anti-invariant Riemannian submersion such that (kerF,)-*- = (pkerF^, © {f}.Then 
m + 1 = n. 

Remark 1. We note that Example\^ satisfies Theorem\^ 

Lemma 3. Let F be an anti-invariant Riemannian submersion from a Kenmotsu man¬ 
ifold M((p,f^,rj,gM) to a Riemannian manifold {N,gis[). Then we have 

(3.6) Axi = 0, 

(3.7) Tuf = U, 

(3.8) gMiXyCX, 4>U) = -gniCX, MyU), 
for X,Y G r((ker F*)-*-) and U G r(kerF*). 

Proof. Using (I2.15P and (12.51) . we have (13.6p . Using (12.131) and (j2.5p . we obtain (13.71) . 
Now using (1531) . we get 

gM{XYCX,cfU) = -gM{CX,VY(fU), 

for X,Y G r((kerF*)-*-) and U G r(kerF*). Then (12.141) and (12.41) imply that 

gMiyYCX, (fU) = -gM{CX, (fAvU) - gM{CX, <))(VVvC/)). 

Since (/)(VVyU) G r((kerF*)-*-), we obtain (13.81) . □ 

We now study the integrability of the distribution (kerF,)-*- and then we investigate 
the geometry of leaves of kerF* and (kerF,)-*-. 

Theorem 2. Let F be an anti-invariant Riemannian submersion from a Kenmotsu man¬ 
ifold M((/), 77 , ^m) to a Riemannian manifold (N.,gx). Then the following assertions 

are equivalent to each other: 

i) (kerF*)-*- is integrable, 

it) gN{{VF,){Y,BX),F,4>V) = gN{{VF,){X,BX),F,<fV) 

F 9 m{CY, (j)AxV) — gM^CX, (^AyV), 
m) 9 m{AxBY — AyBX, (j)V) = guriCY, cfAxV) — gM{CX, c^AyV) 
for X,Y G r((ker F,)-*-) and V G r(kerF,). 








ANTI-INVARIANT RIEMANNIAN SUBMERSIONS FROM KENMOTSU MANIFOLDS ONTO RIEMANNIAN MANIFOLDS 


Proof. From (12.211 and (I2.4I1 . one easily obtains 

gM{[X,Y],V) = gM{XxY,V)-gM{XYX,V) 

= gM{Xx4>y.(t>V)-gM{XY(I^X,(fV). 

for X,Y G r((ker F*)-*-) and V € r(ker F»).Then from (13.21) . we have 

gM{[X,Y],V) = gM{XxBY,4>V)YgM{XxCY,ct>V)-gM{XYBX,4>V) 

-gniXYCX, (fV). 

Taking into account that F is a Riemannian submersion and using (j2.8l) , (12.141) and (13.811 , 
we obtain 


gM{\X,Y],V) = gN{F,XxBY,F,^V)-gM{CY,cl>AxV) 

-gN{F,VYBX,F,(fV)+gM{CX,(fAYV). 

Thus, from (12.1911 we have 

gMi[X,Y],V) = 5w(-(VF*)(X,Fr) + (VF*)(r,FX),F*</.R) 

+5m(C'X, (1)AyV) — gniCY, cfAxV) 
which proves (i) (ii). On the other hand using (I2.19L we get 

(VF*)(y,FX) - (VF*)(X, BY) = -F»{VyBX -VxBY). 

Then (12.141) implies that 

{VF,){Y,BX) - {yF,){X,BY) = -F,{AyBX - AxBY). 

From (12.81) it follows that AyBX — Ax BY S r((kerF*)-*-), this shows that (ii) O 
(Hi). □ 

Remark 2. ITe assume that (kerF,)-*- = t/fkerF, © {^}. Using 113.2]) one can prove that 
CX = 0 for X G r((kerF,)^). 

Hence we can give the following corollary. 

Corollary 1. Let Sm) bs a Kenmotsu manifold of dimension 2m + 1 and 

(Njgx) a Riemannian manifold of dimension n. Let F : M((j),^,g,gM) —>■ iN,gx) be an 
anti-invariant Riemannian submersion such that (kerF*)-*- = ^kerF* ® {^}. Then the 
following assertions are equivalent to each other: 

i) (kerF*)-*- is integrable, 

ii) (VF*)(X,(/)r) = (VF*)(0X,y), forX G r((kerF*)^) and X, F G r((ker F*)-^), 
Hi) Ax4>Y = Ay4>X. 

Theorem 3. Let M{<fi,^.,r],gM) be a Kenmotsu manifold of dimension 2m + 1 and 
(N,gx) a Riemannian manifold of dimension n. Let F : M{(l),^,r],gM) —>■ ffiv) be an 
anti-invariant Riemannian submersion. Then the following assertions are equivalent to 
each other: 

i) (kerF*)-*- defines a totally geodesic foliation on M, 

ii) gAiiAxBY, cfV) = gniCY, cfAxV), 

iii) gjv((VF*)(X,0r),F,0F) = -gM(,CY,<fAxV), 
for X,Y G r((kerF*)-*-) and V G r(kerF,). 
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Proof. From (12.211 and (I2.4I1 . we obtain 

gmi^xY, V) = gMiyx^Y, cfV), 

for X,Y G r((kerF»)-*-) and V G r(kerF*).By virtue of (I3.2L we get 

.gmiVxY, V) = gmiVxBY + VxCY, <fV). 

Using (12.141) and (13.8L we have 

gjwiVxY, V) = guiAxBY + VVxBY, ^V) - gniCY, <j>AxV). 

The last equation shows (i) {ii). 

For X,Y G F((kerF*)-*-) and V G r(kerF*), 

(3.9) gM(AxBY, ct>V) = gniCY, MxV) 

Since differential preserves the lenghts of horizontal vectors the relation (13.9p forms 

(3.10) gMiCY, MxV) = gxiF.AxBY, F^cfV) 

By using (12.141) and (12.191) in (I3.10L we obtain 

guiCY, 4>AxV) = 5 w(-(VF*)(X, <t>Y), F,4>V) 
which tells that {ii) O {in). □ 

Corollary 2. Let F : M{(j).,f^,r]^gM) {Ft,gN) be an anti-invariant Riemannian sub¬ 
mersion such that (kerU*)-’- = 0kerF'*©{^}, where M{(j),^,ri,gM) is a Kenmotsu mani¬ 
fold and {N.,gx) is a Riemannian manifold. Then the following assertions are equivalent 
to each other: 

i) (kerU*)-’- defines a totally geodesie foliation on M, 
ii) Axf^Y = 0, 

in) (yFA){X,(j)Y) = 0 for X,Y G r((kerF»)-*-) and V € F(kerF,). 

The following result is a consequence from (12.121) and (13.711 . 

Theorem 4. Let F be an anti-invariant Riemannian submersion from a Kenmotsu 
manifold M{(j),^,g, gM) to a Riemannian manifold {N,gx). Then (kerU,) does not 
define a totally geodesic foliation on M. 

Using Theorem |4j one can give the following result. 

Theorem 5. Let F : M{(j),^.,g, gM) {N.,gN) be an anti-invariant Riemannian sub¬ 
mersion where M{(j).,f^,r]^gM) is a Kenmotsu manifold and {N,gx) is a Riemannian 
manifold. Then F is not a totally geodesic map. 

Remark 3. Now we suppose that {ei,..., Cm} is a local orthonormal frame o/F(kerF',). 

771 _ _ 

From the well known equation FI = A y J)..a . i2.12\) and i2.17\) we have 

i=l 

mg{H,f) = g{Te^ei,^)+g{Te.,e2A)^ - + g{Te^em,£,) 

= -g{Tei^, ei) - g{Te2^, 62)- g{Te^^, em) 

= - 5 (ei,ei) - 3(62,62)- g{em,efn) 

= —m 

We get g{F[,ff) = —1. So kerU* has not minimal fibres. 

By virtue of Remark [Sj we have the following theorem. 
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Theorem 6. Let F : gM) —>■ (NjQn) be an anti-invariant Riemannian sub¬ 

mersion where M{(j),^,r],gM) is a Kenmotsu manifold and (N,gN) is a Riemannian 
manifold. Then F is not harmonic. 


3.2. Anti-invariant Riemannian submersions admitting vertical structure vec¬ 
tor field. In this subsection, we will prove that there do not exist (anti-invariant) Rie¬ 
mannian submersions from Kenmotsu manifolds onto Riemannian manifolds such that 
characteristic vector field ^ is a vertical vector field. Moreover, we will give a method 
to get horizontally conformal submersion examples from warped product manifolds onto 
Riemannian manifolds. 

It is easy to see that g is an invariant distribution of (kerif*)-*-, under the endomor¬ 
phism (j). Thus, for X € r((ker )-*-), we have 

(3.11) (j)X = BX + CX, 

where BX G r(kerF*) and CX G r(/i). On the other hand, since F*((kerF*)-*-) = TN 
and F is a Riemannian submersion, using p.lll) we derive gN{F^(j)V,F^CX) = 0, for 
every X G r((ker F*))-*- and V G r(kerF*), which implies that 

(3.12) TiV = F40(kerF,))©F4/r). 

Theorem 7. Let (M'"+^ = I xf L'^,gM = dt^ -f f'^gh) be a warped product manifold 
of an interval I and a Riemannian manifold L. If F : ,gM) —t {N^,gN) is a 

Riemannian submersion with vertical vector field ■§[ = dt then warped product manifold 
is a Riemannian product manifold. 


Proof. Let a = (t, cci , X2 ,..., Xm ) be a coordinate system for M at p G M and j/i , ?/2, ■ ■ ■, J/n 
be a coordinate system for N at F{p). Since dt is a vertical vector field, we have 


0 = F,{dt)p = Y, 
2=1 


diVioF) d 


So the component functions pi o F = fi oi F do not contain t parameter. Namely, 


F : I XfL^N, {t,x) ^ F{t,x) = {fi{x),..., fn{x)), 

where x = {xi,X2, ...jXm.) and also (kerF*)-*- |(t,a;)^ Tg,x)i{t} x L) = T^L at point 
p = (t,x) G M. That is, if A G (kerF*)-*-, there is a vector field X G T{TN) such that 
the lift of A to I X F is the vector field A, 712* (Ap) = A^2(p) for all p G M . For the sake 
of the simplify we use the same notation for a vector field and for its lift. 

Using Proposition [T] (ii), we obtain 

(3.13) Xxdt = jX 
for A G r( (kerF*)-*-). From (12.141) and (13.131) we have 

(3.14) Axdt = jX 
for A G r((kerF*)-‘-). 

By applying (j2.11ll . (12.181) and (I3.14L we find 


gniAxY, dt) = —^gM{X, Y) = —^giviiY, X) = gMiAyX, dt) = —gniAxY, dt) 
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for X,Y G r((kerF*)-*-). Thus, we obtain 

(3.15) gM{AxY,dt)=-^gM{X,Y)=0. 

It follows from (I3.15|) that /' = 0 . Hence warping function / must be constant. There¬ 
fore, up to a change of scale, M is a Riemannian product manifold. □ 

Theorem 8. Let gM) be a Kenmotsu manifold of dimension 2m + 1 and 

{N,g]s[) is a Riemannian manifold of dimension n. There does not exist a Riemannian 
submersion F : M{(p,f,g,gM) —t {N^gx) such that characteristic vector field f is a 
vertical vector field. 

Proof. From m we know that locally a Kenmotsu manifold is a warped product I x f L 
of an interval I and a Kaehler manifold L with metric gM = dt^ -I- f^gr and warping 
function f{t) = se*, where s is a positive constant. Let f = ■§j = dt he a vertical vector 
field. It follows from Theorem [3, M is a Riemannian product manifold. Since f{t) = se* 
is not constant , M can not be a Riemannian product manifold. This is a contradiction 
which completes the proof of theorem. □ 

Theorem 9. Let M = Mi x f M 2 be a warped product manifold with metric g = gi + f^g 2 
, 712 : Ml X M 2 —>■ M 2 second canonical projection and {M^^g^) Riemannian manifold. 
If fi is a Riemannian submerison from M 2 onto M 3 then /2 = /i o 712 : M —>■ M 3 is a 
horizontally conformal submersion. 

Proof. Since fi is a Riemannian submersion, rank fi = dim M 3 . Using Proposition[3 we 
have rank f 2 \^^ = rank fi = dim M 3 for any point (p, q) G M. Consequently /2 is a 

submersion. Since tt 2 is a natural horizontally conformal submersion for a warped product 
manifold, we get ker 7 r 2 ,|(p ^) = T(^p,q)Mi = r(p_,)(Mi x {g}) = TpMi. So ker/ 2 ,|(^ ^) = 
TpMi X ker/i,, and (ker/ 2 ,)j^^ = {p} x (ker/i,)j^ ^ (ker/i,)j^. Hence, 

9 {X,Y) = f{p)g2{'K2*{X),TT2*{Y)) 

= f{p)9s{fl*{'^2*{X)),fu{'K2*{y)) 

= f{p)9s{f2.{X),f2.{Y)) 

for X,Y G r((ker / 2 *)■*■). So we get the requested result. □ 

Remark 4. Theorem [3 gives a chance to produce horizontally conformal submersion 
examples. 


4. Examples 


We now give some examples for anti-invariant submersion and anti-invariant horizon¬ 
tally conformal submersions from Kenmotsu manifolds. 


Example 2. Let M be a Kenmotsu manifold as in Example\l\ Let N 6 e R Xg* The 
Riemannian metric tensor field gx is defined by gx = e^^idu ® du-\- dv ® dv) + dz 'Si dz 
on N. 

Let F : M ^ N be a map defined by F(xi,X 2 , 91 , 92 , t) = ^ Yben, a 

simple calculation gives 


kerF* = span{Vi = ^{E 2 - F 3 ), V 2 ^ ~ ^^ 4 )} 






ANTI-INVARIANT RIEMANNIAN SUBMERSIONS FROM KENMOTSU MANIFOLDS ONTO RIEMANNIAN MANIFOLDS 


and 


(kerF*)-*- = span{Hi = —^{Ei + E 4 ), 

v2 


H2 — "^(^2 + E3 ), 


h3 = e3 = a - 


Then it is easy to see that E is a Riemannian submersion. Moreover, (j)Vi = —Eli, 
(l>V 2 = —H 2 imply that 0(kerF») C (kerF*)-*- = ^(kerF,) 0 {^}. Thus F is an anti¬ 
invariant Riemannian submersion such that ^ is a horizontal vector field. 

Example 3. Let M he a Kenmotsu manifold as in Example and N beM.^. The 
Riemannian metric tensor field is defined by = e^^idu ® du-\- dv ® dv) on N. 

Let F : M ^ N be a map defined by F{xi,X 2 ,yi,y 2 , z) = )■ Then, by 

direct calculations we have 

kerF* = span{Vi = -^(^3 - E 2 ), V 2 = -^(^4 - ^^i), V 3 = E 3 = f = 


and 


^ -JE3 + E2), H2 = -^{E4 + Fi)}. 


(kerF*)-*- = span{Hi = 

Then it is easy to see that F is a horizontally conformal submersion. Moreover, fVi = 
H 2 , (j)V 2 = Hi, (/fVa = 0 imply that ^(kerF,) = (kerF,)-*-. As a result, F is an anti¬ 
invariant horizontally conformal submersion such that ^ is a vertical vector field. 


Remark 5. Recently Akyol M.A. and §ahin B. [T] studied conformal anti-invariant sub¬ 
mersions from almost Hermitian manifolds onto Riemannian manifolds. So it will be 
worth the study area which is anti-invariant (horizontally) conformal submersion from 
almost contact metric manifolds onto Riemannian manifolds. 
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